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RIgorous procedure
INn 2 steps



UNIVARIATE DATA ANALYSIS

1st stage:

e

EXPLORATORY DATA ANALYSIS (EDA)

1. EDA DIAGNOSTIC PLOTS AND DISPLAYS

2. EXAMINING A SAMPLE DISTRIBUTION

3. DATA TRANSFORMATION




2nd stage:

CONFIRMATORY DATA ANALYSIS (CDA)

1. TEST OF BASIC ASSUMPTIONS ABOUT DATA

2. CONSTRUCTION OF PROBABILITY DENSITY
FUNCTION

3. POINT ESTIMATES FOR PARAMETERS OF
LOCATION, SPREAD AND SHAPE

4. INTERVAL ESTIMATES FOR ?ARARIETERS
OF LOCATION AND SPREAD

5. STATISTICAL HYPOTHESIS TESTING




VySetreni predpokladu o vybéru
Examination of the sample assumptions

Outliers Symmetry
Odlehl¢ body Symetrie
Heteroscedasticity Sample size
Konstantni rozptyl Velikost vybéru




Problem 2.1 Analysis of data with normal and log.-normal distribution

The exploratory data analysis of simulated sample data, from (a) normal distribution N( 10, 0.1)
denoted by norm and (b) log.-normal distribution In (5, 2) denoted by log.

Data: (a) Sample norm: 10.0005 10.185 10.05 10.042 10.197 10.021 10.033 9.99985 9.826 10.076
10.053 10.079 9.9998 10.026 9.9969 9.98995 10.035 10.064 9.9985 10.093 10.132 10.047 9.877 9.931
10.002 9.929 9.959 9.846 10.029 10.029 9.994 10.113 10.158 9.999 10.1414 10.004 10.067 9.995 10.091
10.088 10.06 9.9998 10.017 9.865 9.907 10.037 10.081 10.018 9.987 10.115 10.037 10.063 9.928 9.975
9.937 9.933 9.942 10.106 10.039 9.989 9.906 9.894 9.946 9.955 9.98 10.108 10.05 9.948 9.974 9.986
9.986 10.105 10.037 9.955 10.025 9.949 9.879 10.042 10.052 9.92 10.064 10.075 10.028 9.955 9.987
9.957 9.969 9.9999 9.9995 10.021 10.069 9.975 10.109 10.024 9.984 10.122 9.885 10.011 10.013 10.011

(b) Sample log: 2.408 5.389 2.259 2.439 2.173 1.157 0.892 0.498 0.351 1.229 1.356 4.719
1.445 1,023 1.723 0.572 2.012 0.212 0.305 0.993 11.993 2.247 0.973 0.418 2.27 12.03 1.321 3.076 1.355
4.54 0.216 10.159 0.346 1.078 0.206 0.116 1.733 0.5 0.762 2.689 1.798 1.522 2.763 0.536 0.21 2.462
0.516 0.421 1.588 2.54 7.48 0.881 0.841 1.039 0.966 0.49 1.476 1.185 0.875 0.557 1.464 0.308 0.097
1.137 2.247 0.084 0.217 1.885 0.204 2.786 2.341 0.466 0.712 0.401 0.404 1.027 0.623 0.139 2.905 0.111
0.958 0.188 0.611 0.243 5331 0.745 0.367 0.919 1.236 1.912 2.816 0.666 4.972 0.451 1.316 3.241 0.316
2.28.2910.815



Median or the mean ?
Median nebo prumér ?



1st step:

EDA

Exploratory Data Analysis:
symmetry, outliers



Outliers and Extremes in Representative Random Sample

- Non-outliers range -
m m
s X| 2 2> [5 2
caolhi [5] =1 I =
0, PO 0) o [
o3| i | il {73
%%OO .................. i)l ,%{1‘,

>
HG -
?
HGl
v

BL e  *~—t—BU

Figure 2.30 Outliers are points beyond the inner bounds BL and BU.



- Letter values and Bounds
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Dot diagram (x-axis x values, y-axis is a level y = 0) shows:
(a) the dot diagram with median M,
F, (lower) and F (upper) quartiles,
inner B, (lower) and B, (upper) bounds,
and outer V| (lower) and V|, (upper) bounds,

(b) the area of outliers: A close outliers, B near far outliers, C far outliers.



One-dimensional scatter plot
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Fig. 2.6—Examples of (a) a dot diagram (G2) and (b) a jittered-dot diagram (G3).



Varlous graphlcal plots and displays in EDA

From left: Red meat, White meat, Egg Mlk Fish, Cereals, Starch, Nuts, Fruits
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Quantile plot: symetry and outliers
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Symmetric distribution

Jittered dot diagram
Asymmetric distribution
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Figure 2.7 Another form of jittered dot diagram G3 (x-axis: x values; y-axis: a

small interval of random numbers) for samples with (a) norm, symmetric
(Gaussian, normal), and (b) /og, asymmetric (log.-normal) distributions,
NCSS2000.
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Figure 2.5 Quantile plot G1 (x-axis: the cumulative order probability P; y-axis:
the order statistic Xm) for samples with (a) norm, symmetric (Gaussian,
normal), and (b) Jog, asymmetric (log.-normal) distributions, (quantile
functions for the normal distribution : classical - solid line, robust dotted
line) QC-EXPERT.
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Figure 2.6 Dot diagram G2 above (x-axis: x values; y-axis: selected level, usually
y = 0) and jittered dot diagram G3 below (x-axis: x values; y-axis: a
small interval of random numbers), for samples with (a) norm, symmetric
(Gaussian, normal), and (b) fog, asymmetric (log.-normal) distributions,

QC-EXPERT.
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Figure 2.7 Another form of jittered dot diagram G3 (x-axis: x values; y-axis: a
small interval of random numbers) for samples with (a) norm, symmetric
(Gaussian, normal), and (b) log, asymmetric (log.-normal) distributions,

NCSS2000.
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Figure 2.8 A percentiles diagram for samples with (a) norm, symmetric (Gaussian,
normal), and (b} log, asymmetric (log.-normal) distributions, NCSS2000.

Box-and-whisker plot
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Figure 2.10 Scheme of the box-and-whisker plot (x-axis: x values; y-axis: any suitable

interval).
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Figure 2.9 A violin diagram for samples with (a) norm, symmetric (Gaussian, normal),
and (b) log, asymmetric (log.-normal) distributions, NCSS2000.
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Figure 2.30 Outliers are points beyond the inner bounds BL and BU.



Box-and-Whisker Plot
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Diagnostics for Examination
of the distribution symmetry
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Figuer 2.12  The midsum plot G (x-axis: the order statistic Xy y-axis: the midsum Z =
(x Yoo T )2) for samples with (a) norm, symmetric (Gaussian, normal),
and (b) /og, asymmetric (log.-normal) distributions, QC-EXPERT.
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Figure 2.13 The symmetry plot G7 (x-axis: the quantile uP 12 for P.=ifin + 1); y-axis:
the midsum Z, = (x_,_, + x,,)/2) for samples with (a) norm, symmetric
(Gaussian, normal), and (b) /og, asymmetric (log.-normal) distributions,

QC-EXPERT.
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Figure 2.14 The kurtosis plot G8 (x-axis: the quantile up /2 for P.=illn +1); y-axis:
the quantity [n[(x,., , —x,)/- J!f) for samples with (a) norm,
symmetric (Gaussian, normal), and (b) log, asymmetric (log.-normal)
distributions, QC-EXPERT.



Quantile-box plot
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Construction of the quantile-box plot
(x-axis: the order probability P, y-axis: the order statistic X ).

The dot diagram (left) and the notched box-and-whisker plot (right) are for comparison.



0.9 0.5

Diagnostics for an Examination of .. ., = .
1) the distribution symmetry and . .l

2) outliers - |

Figure 2.15 The differential quantile plot G9 (x-axis: the quantile Uy y-axis: the deviation
of order statistics d,, = x,, —&u,) for samples with (a) rectangular, (b)
normal, (c) exponential, and (d) Laplace distributions, QC-EXPERT.
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Figure 2.17  The quantile-box plot G10 (x-axis: the order probability P, y-axis: the order
Figure 2.16 Constru.ction of the qua.ntile-box plot G10 .(x-axis: the order probabil statistic x ) for samples with (a) norm, symmetric (Gaussian, normal), and
P, y-axis: the order statistic x,). The dot diagram (left) and the notch U . e
box-and-whisker plot (right) are given for comparison of an acti (b) /09, asymmetric (|Og.-n0rma|) distributions, QC-EXPERT.

distribution.



Quantile-box Plot

Symmetric distribution Asymmetric distribution
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Figure 2.17 The quantile-box plot G10 (x-ax/s: the order probability P, y-axis: the order
statistic xm) for samples with (a) norm, symmetric (Gaussian, normal), and
(b) log, asymmetric (log.-normal) distributions, QC-EXPERT.



Kernel Estimation of Probability Density Plot

Symmetric distribution  Asymmetric distribution
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Figure 2.18 A Kernel estimation of probability density G12 (x-axis: the variable x;

y-axis: the probability density f(x) (...) and the Gaussian (---) function)
for samples with (a) norm, symmetric (Gaussian, normal), and (b) /og,
asymmetric (log.-normal) distributions, QC-EXPERT.



Estimation of the
Actual Distribution
of laboratory data
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Histogram

Symmetric distribution  Asymmetric distribution
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Figure 2.19 Histogram  G13 (x-axis: the variable x; y-axis: the probability density
function f(x)) for samples with (a) norm, symmetric (Gaussian, normal),
and (b) log, asymmetric (log.-normal) distributions, QC-EXPERT.



2.5

o Symmetricd. | 4 Asymmetricd. _
g,>3 n - | b
f(x) 2 g ['\
.3 £
08w [ TR
b g,<3 2 f \ '/ \
2 /f \ 0.10 / y
' JIREN
oo-—/ \~ 5 o 4y s 4
t i 970 980 9.90 10.00 10.10 10.20 10.30 10.40 4 20 2 4 6 8 1012 14 16
0.0 Urtosis Figure 2.18 A Kernel estimation of probability density G12 (x-axis: the variable x;

05 1.0 y-axis: the probability density f(x) (...) and the Gaussian (---) function)
for samples with (a) norm, symmetric (Gaussian, normal), and (b) /og,
asymmetric (log.-normal) distributions, QC-EXPERT.

y‘} VA

i " ™M Symmetry and asymmetry of the distribution

Skewed as etric
s distrﬂﬁ;m

10+ :
0+ A E‘@S‘tﬁi&w R 5 _X’ s WAy }.
9.80 990 1000 1010 10.20 6 8 10 12 14
0.0 0.0 Figure 2.19 Histogram, G13 (x-axis: the variable x; y-axis: the probability density
0.0 )A(M }05_ 10 00 X }OSQM X 0.0 function f(x)) for samples with (a) norm, symmetric (Gaussian, normal),

and (b) log, asymmetric {log.-normal) distributions, QC-EXPERT.



Quantile-Quantile Plot (Rankit plot)
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Figure 2.20 The rankit plot G15 (the normal probability plot, x-ax/s: the standardised

normal quantile u%,, y-axis: the order statistic x ) for samples with (a)

norm, symmetric (Gaussian, normal), and (b) /og, asymmetric (log.-normal)
distributions, QC-EXPERT.



Elucidation of Various Modifications ' .
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distributions, QC-EXPERT. (c) exponential, and (d) Laplace distributions, QC-EXPERT.



Quantile-quantile plot (Q-Q plot)

(x-axis: the quantile Qg(P,); y-axis: the order statistic x,)

Quantile-Quantile (Q-Q) Plot
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Circle Plot
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Figure 2.23 The circle plot for samples with (a) norm, symmetric (Gaussian, normal),
and (b) log, asymmetric (log.-normal) distributions, QC-EXPERT.



2nd step:

CDA

Confirmatory Data Analysis:
parameters of location, spread and distribution



Two rigorous approaches to the parameter estimation

Data Transformation

1. Power transformation for symmetry
2. Box-Cox transformation for normality



DATA TRANSFORMATION

Scheme of an application of power and Box-Cox data transformations.

Original data x Power or Box-Cox
can not use i
iyl » Transformation
e arithmetic mean lead to data y
for a mean
¥
Basic statistics

Re-transformed mean
and variance for the e~ of transformed

original data set x: x_ data 'y
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Transformation for symmetry is carried out by a simple power

transformation

X for parameter A > 0
y=9(x)=Inx for parameter A =0
-xA for parameter A < 0.

Box-Cox family of transformations defined as

(x*=1)/1 for A=0

— X) =+« >
y=8) Inx for A =0

\.

In many sample distributions can be transformed to approximate normality
by use of Box-Cox family of transformations.



Hines-Hines selection plot and

Plot of the logarithm of the likelihood function
(x-axis: the parameter A; y-axis: the logarithm of the likelihood function In L)
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the ratio ). logarithm of the likelihood function In L).



Rough re-expressions Rigorous re-expression
of the mean of the mean and the variance

XR XR
(1) Rough re-expressions represent a single reverse transformation ~ (2) For4=0and the Box-Cox transformation, Eq. (231, the

= _ -l - ~ - : re-expressed mean x, will be represented by one of the two roots of
X, =g (). This re-expression for a simple power transformation

the quadratic equation
leads to the general mean ;

T, =050+ 1) £05{ + UG+ + G- 250D} 1 04

A 2 o e 4
zxt which is close to the median %, = g™ (7, ). If X, is known, the corre-
= - (2. 36) sponding variance may be calculated from

=
1

e
I

FR= ) (24)

where for &= 0, In x 1s used instead of x* and ¢* nstead of x™, The
re-expressed mean x, =, stands for the harmonic mean, x, =,
for the geometric mean, x, = x, for the arithmetic meanand x, =X,
for the quadratic mean.



Schema mocninneé a Box-Coxovy transformace

X y (mocninna) y (Box-Cox)
0.5 0.9117 -0.6621
0.9 0.9861 -1.0462
1.0 1.0000 0.0000
1.0 1.0000 0.0000
1.1 1.0128 0.0959
1.3 1.0356 0.2670
1.5 1.0556 0.4166
1.5 1.0556 0.4166
1.5 | 1.0556 0.4166
1.8 1.0815 0.6114
1.9 1.0893 0.6701
2.0 1.0968 0.7262
2.0 i 1.0968 ' 0.7262
2.7 1.1416 1.0620
3.2 1.1678 1.2582
3.2 1.1678 1.2582
3.3 1.1726 1.2942
3.3 1.1726 1.2942
3.6 1.1862 1.3968
5.2 1.2459 1.8439
5.5 1.2552 1.9140
3.5 1.2552 1.9140
6.0 1.2699 2.0239
6.0 1.2699 2.0239
Zok) 1.2962 2.2217
8.0 1.3195 2.3963
8.0 1.3195 2.3963
11.5 1.3849 2.8869

T T



Primér

Smérodatna odchylka

Retransform. primér (mocnina)

Retransform. prumér (Box-Cox)




Problem 2.26 EDA in determination of trace copper in kaolin

Task: Trace copper was determined in a standard sample of kaolin, and the
values were arranged in increasing order. Examine the type of sample

distribution and decide what type of measures of location and spread should
be used.

Data; copper concentraction [ppm]; n = 17,
4,5 7,17, 7,8, 83, 84, 94, 9.5, 10, 105, 12, 12.8, 13,
2, 23,

Program: CHEMSTAT: Basic statistics: Exploratory data analysis.



Conclusion: XR — ?

The best estimate of the mean value
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Parameters of small samples (4 < n < 20) with

Horn’s Procedure

Pivot half-sum (= point and interval estimates of location)
Pivot range (= spread)



Horn's procedure for 4 < n <20
Procedure based on order statistics.
1) Write the table of order statistics.

2) The pivot depth is expressed by H, = int[(n + 1)/2]/2 or H, =
int[(n + 1)/2 + 1]/2 according to which of the A, is an integer.

3) The lower pivot is X = X, and the upper one is X; = X 1.4,

4) The estimate of the parameter of location is then expressed by
the pivot half sum

P =0.5(x, +x,)



5) The estimate of the parameter of spread is expressed by the
pivot range

R, =x, —Xx,
6) The random variable
T P _ Xt
E
RL 2(XU B L)

has approximately a symmetric distribution and its quantiles are
given in Table.

7) The 95% confidence interval of the mean is expressed by
pivot statistics as

F -k L1 0975 (M<us<hb+R L1 0975 (n)



Table :The quantile 7., ,(n) of the Horn-distribution

0.9

0.477
0.869
0.531
0.451
0.393
0.484
0.400
0.363
0.344
0.389
0.348
0.318
0.299

0.331
0300

0.95

0.555
1.370
0759
0.550
0.469
0.688
0.523
0.452
0.423
0.497
0.437
0.399
0.374

0.421
0 3R0

0.975

0.738
2.094
1.035
0.720
0.564
0.915
0.668
0.545
0.483
0.608
0:525
0.466
0.435

0.502
0 451

0.99

1.040
3.715
1.505
0.978
0.741
1.265
0.878
0.714
0.593
0.792
0.661
0.586
0.507

0.637
0 555

0:995

1,331
5.805
1.968
1,211
0.890
575
1.051
0.859
0.697
0.945
0.776
0.685
0.591

0.774
0 RSO



Exercise B3.01 Estimate of median value of haptoglobin in human
blood serum (Horn)

The concentration of haptoglobin in human blood serum was measured
in eight adult individuals. Calculate estimates for median value,
parameter of variance, and 95% interval of reliability of median value.
Examine whether this sample comes from a logarithmic-normal
distribution. Also apply Horn’s procedure (pg. 51 in [14]).

Data: Concentration of haptoglobin [g. I"'] in human blood serum:

.82, 3.32, 1.07, 1.27, 049, 3.79, .13, 1.98.

1. Order statistics:

i 1 2 3 4 5 6 7 8
X1) 0.15 0.49 1.07 1.27 1.82 1.98 3.32 3.79
2. Depth of pivot: n=3_
' e 1
H = integer E int(2.75) = 2
3. Lower and upper pivot:
Xp = Xypp = Xy = 0.49
= Xy = 3.32

Xi = Xn+i1-H)



4 p 28 "8, = 1.905
2

d. R, =x4-%x, = 3.32-0.49 = 2.83

6. 95% {y rup = 0.564

P - Ryt p(n) s p 2P + Rt 1-an (1)
1.905 - 2.83 x 0.564 < u < 1.905 + 2.83 x 0.564

031 < u =< 350



HOl‘n Analyza malého vybéru

Na vzorové uloze B3.01 Stedni hodnota haptoglobinu v lidském krevnim séru ukaZzeme
Hornlv postup analyzy malych vybért.
Data: Koncentrace haptoglobinu [g I']: 1.82 3.32 1.07 1.27 0.49 3.79 0.15 1.98

" ReSeni: Hornliv postup pivotti pro malé vybéry (4 < n < 20):
1. Poradkové statistiky:

i ¥ % 3 &8 & ® T B
Xy 015 049 107 127 182 198 3.32 3.79

2. Hloubka pivotu. n = 8, sudé
m+ 1
+ 7
H= it : int(2.75) =~ 2
3. Pivoty:  Dolni pivot x, = X, Xp = 049
' Horni pivot Xy = X, ;. X = 3.32
. ; Ap Xy
4. Pivotova polosuma P, = = 1.905

2



3. Pivotové rozpeti R, = x,, - x,, 332-049 = 283

6. 95%ni interval spolehlivosti stfedni hodnoty . b 1o = 0.564
PRyt ap(m) = < P +R 1 h(n)

1.905 - 2.83 X 0.564 < u < 1.905 + 2.83 X 0.564

031 < p < 3.50

7. Zaver:  Bodovy odhad miry polohy je 1.91 g/l, miry rozptyleni 2.83
a intervalovy odhad miry polohy je 0.31 g/l < u < 3.50 g/l.



Hornuv
postup u
malych
vybéru

Analyza malych vybéru

- Zavéry jsou vzdy zatizeny znatnou mirou nejistoty.
- Malych rozsahi jen tam, kde neni mozné zvysit potet.

1= 2: 100(1 - «)%ni konfiden¢ni interval st¥edni hodnoty
X, * %y = X, * Ix; = x|
! xz_Tu|1 X T x2+T“x 2
2 2 2 2
- pro normélni rozdéleni T, = cotg(e 1/ 2), Ty o5 = 1271,
- pro rovnomérné rozd&leni T, = e~ 1,4). Ty = 19,

.r:;? :100(1 - ) %ni konfidencni interval stiedni hodnoty

4 <n < 20, (Hornuv postup):
Je zaloZeny na potadkovych statistikach.

Hloubka pivotuje  H=(int((n+ 1)2f2
nebo H=(int(n+1)2+1)72,

Dolni pivot je x; =Xy, a horni pivot x; = X, 4.

Odhadem parametru polohy je pivotovd polosuma

= o i8 - r 8 P — xD ! xH
X-T,— s p s X+T, — L 7
V3 3
= pro normdlni rozdelenije T, = 13 a4 iy w430,
- pro rovnomérné rozdéleni je T s = 5.74,

odhadem parametru rozpt)'/lem' pivotové rozpéti Tabulks 3.11 Kvantily t;, , .(n) rozdélen! T,

l-a 09 0.95 0975 0.9 0.995
R = x5-x s

4 0477 0,553 0.738 1,040 1331
NéhOdllé veliéina k testovéni 5 0.869 1370 2,094 3715 5.805
6 0531 0.759 1.035 1,505 1.968
PL XD + XH 7 0.451 0.550 0.720 0.978 1211
[ i N e 8 0393 0.469 0.564 0.741 0.890
RL 2 (XH = XD) 9 0.484 0.688 0915 1,265 1.575
R R ; 3 - 10 0400 0523 0.668 0.878 1051
ma piiblizné symetrické rozdéleni, jehoZ vybrané kvantily jsou I 0363 0452 0545 074 0859
v tabulce. 1 0344 0423 0483 0.593 0,697
3 0389 0497 0.608 0.792 0945
14 0348 0437 0.525 0.661 0.776
95%ni interval spolehlivosti stredni hodnoty se vypocte 15 038 039 0466 0586 0685
I mr——— 16 0209 0374 0433 0,507 0.591
l)L N RL tL,0.975(n) S B os P g ° R[, t1,,(),975(11) 17 0331 0421 0.502 0.637 0.774
18 0300 0.380 0451 0.555 0.650
19 0.288 0361 0423 0.502 0575

20 0.266 0,337 0.397 0.464 0.519




Uloha C3.11 Test spravnosti koncentrace tenzidii (Horn)
Standardni vzorek obsahuje 2.5 mg/l anionaktivnich tenzidu. Aplikujte

i Horniv postup. Testujte, zda vysledky koncentrace standardu jsou
spravné. Jde o symetrické rozdéleni ?

Data: Koncentrace tenzidi [mg/l]: 2.36 2.40 2.48 2.50 2.57 2.62 2.68
[Vysledky: Gauss. rozd., x = 2.52, X, =251, %y, = 250, s = 0.12,
2, =004 g, =178 241 <x < 2.62]

Hornuv postup:
1. Poradkové statistiky:

i 1 2 3 4 3 6 7
X 2.36 2.40 2.48 2.50 2.97 2.62 2.68
2. Hloubka pivotu: n = 7, liché
n+1
H = integer = int(2.0) = 2
3. Pivoty:
Dolni pivot x;, = x4, = Xp = 2.40

Horni pivot x; = X, ;) = X = 2.62



; , » _ * xH _ _
4. Pivotova polosuma P, = 5 = = 2.51

5. Pivotové rozpéti R, = x; - x, = 2.62 - 2.40 = 0.22

6. 95%ni interval spolehlivosti stfedni hodnoty u: ¢, ;. 7) = 0.720

b/

P, - R, tL,l—a/Z(n) < p 2 P+ R tL,l—a/Z(n)
251-022% 072 < u < 251 4022 X 072

235 < p < 2.67



Jan Amos Komensky: Velka didaktika (1592 - 1670)

v/ v/

“Knihy, jako nejveétsi pratelé, rady s nami uprimné, jasné a
bez pretvarky hovori, poucuji nas, davaji nam navody,
povzbuzuji nas a predvadéji 1 veci nasemu zraku velmi
vzdalené.
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