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UNIVARIATE DATA ANALYSIS

1st stage:

EXPLORATORY DATA ANALYSIS (EDA)

1. EDA DIAGNOSTIC PLOTS AND DISPLAYS

2. EXAMINING A SAMPLE DISTRIBUTION
|

3. DATA TRANSFORMATION




- 2nd stage:

CONFIRMATORY DATA ANALYSIS (CDA)

1. TEST OF BASIC ASSUMPTIONS ABOUT DATA

2. CONSTRUCTION OF PROBABILITY DENSITY
FUNCTION

3. POINT ESTIMATES FOR PARAMETERS OF
LOCATION, SPREAD AND SHAPE

4. INTERVAIL ESTIMATES FOR PARAI\IETERS
OF LOCATION AND SPREAD

5. STATISTICAL HYPOTHESIS TESTING




Postup analyzy dat

1. Prazkumova analyza dat;

Dingnostické grafly:  stupert symetrie rodélent 1) ED A
I )

lokdinf koncentrace dat
vybocujici data

2. Ovéieni predpokladii vybéru dat: o
Dingnosticky, testy:  ovéreni normality 2) P d kl d
ovéreni nezdvislosti re p O a y ¢oeo
ovéreni homogenity
uréeni minimdini Cetnosti

3. Transformace dat:
Analyza dat: originalni data

data po moeninné transformaci 3) Tran Sfo Fmace...

data po Box-Coxové transformaci

4. Parametry polohy, rozptyleni a tvaru:
Anal§za | vbérw:  klasické odhady - pritmér
- rozpiyl

robustni odhady - medidn 4 O d h a d
- urezané priméry N

- winsorizovany rozptyl
- interkvantilové rozpéti
adaptivai odhady




Outliers
Odlehlé body

Symmetry
Symetrie

Heteroscedasticity
Konstantni rozptyl

Sample size
Velikost vybéru




Problem 2.1 Analysis of data with normal and log.-normal distribution

The exploratory data analysis of simulated sample data, from (a) normal distribution N( 10, 0.1)
denoted by norm and (b) log.-normal distribution In (5, 2) denoted by log.

Data: (a) Sample norm: 10.0005 10.185 10.05 10.042 10.197 10.021 10.033 9.99985 9.826 10.076
10.053 10.079 9.9998 10.026 9.9969 9.98995 10.035 10.064 9.9985 10.093 10.132 10.047 9.877 9.931
10.002 9.929 9.959 9.846 10.029 10.029 9.994 10.113 10.158 9.999 10.1414 10.004 10.067 9.995 10.091
10.088 10.06 9.9998 10.017 9.865 9.907 10.037 10.081 10.018 9.987 10.115 10.037 10.063 9.928 9.975
9.937 9.933 9.942 10.106 10.039 9.989 9.906 9.894 9.946 9.955 9.98 10.108 10.05 9.948 9.974 9.986
9.986 10.105 10.037 9.955 10.025 9.949 9.879 10.042 10.052 9.92 10.064 10.075 10.028 9.955 9.987
9.957 9.969 9.9999 9.9995 10.021 10.069 9.975 10.109 10.024 9.984 10.122 9.885 10.011 10.013 10.011

(b) Sample log: 2.408 5.389 2.259 2.439 2.173 1.157 0.892 0.498 0.351 1.229 1.356 4.719
1.445 1,023 1.723 0.572 2.012 0.212 0.305 0.993 11.993 2.247 0.973 0.418 2.27 12.03 1.321 3.076 1.355
4.54 0.216 10.159 0.346 1.078 0.206 0.116 1.733 0.55 0.762 2.689 1.798 1.522 2.763 0.536 0.21 2.462
0.516 0.421 1.588 2.54 7.48 0.881 0.841 1.039 0.966 0.49 1.476 1.185 0.875 0.557 1.464 0.308 0.097
1.137 2.247 0.084 0.217 1.885 0.204 2.786 2.341 0.466 0.712 0.401 0.404 1.027 0.623 0.139 2.905 0.111
0.958 0.188 0.611 0.243 5.331 0.745 0.367 0.919 1.236 1.912 2.816 0.666 4.972 0.451 1.316 3.241 0.316
2.2 8.291 0.815



Median or the mean ?
Median nebo prumer *?




1. EDA...

Spravnost
Systematické chyby:
(3 vychyleni (bias) spatnym vyhodnocenim, matematickou
metodou, nevhodnym software
0 odchylka ipamym experimentem, nezvlddnutou strategii
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p i

(& X5 Xgs Xps Xppo Xps Fgis Ers e )

Postup analyzy dat

1. Prizkumova analyza dat:

Dingnostické grafy:  stupest symetrie rozdéleni
lokdini koncentrace dat

vybocujici data

2. Ovéreni predpokladii vybéru dat:
Diagnosticky, testy:  ovéfeni normality
ovéreni nezdvislosti
ovéreni homogenity
uréeni minimdlni éetnosti

3. Transformace dat:
Analyza dat: originglni data

data po mocninné transformaci

data po Box-Coxové transformaci

4. Parametry polohy, rozptyleni a tvaru:

Analyza 1 vibéru: klasické odhady - pritmér
- rozpiyl
robustni odhady - medidn

- ufezané priméry

- winsorizovany rozptyl

- interkvantilové rozpéti
adaptivai odhady

PRUZKUMOVA ANALYZA DAT (EDA)

Cilem priuzkumové analyzy dat je nalezeni zviastnosti statistického chovani dat a ovéreni

jejich predpokladu pro nisledné zpracovani  Klasickymi* statistickymi metodami.

EDA - Exploratory Data Analvsis (Tuckey. Chambers)

Statisticke zvlastnosti dat Zakladni predpoklady o vybéru

Homogenita rozdéleni
Nesymetrie

Shodas teoretickym rozdélenim
(obvykle normilnim)

(levostranné nebo pravostranné)

Lokilni koncentrace dat (Spicatost

Potrebna velikost vybéru
nebo plochost) s

Extrémni data, odlehlé hodnoty Nezavislost dat

Reprezentativni néhodny vybér je charakterizovan pfedpoklady:

1. Jednotlivé prvky vybéru x; jsou vzdjemné nezavislé.

2. Vybér je homogenni, tj. vSechny prvky x; pochézeji ze
stejného rozdéleni s konstantnim rozptylem, nejsou zadné

vybocujici prvky.

3. Piedpoklada se normalni rozdéleni pravdépodobnosti.

4. Viechny prvky souboru maji stejnou pravdépodobnost, ze

budou zafazeny do vybéru.




The sampling, sorting, ranking and depth of a sample.

From the population of N = 59 values of the melting point of wax (°C),

m.p. = 63.00 + x/100,

the random sample of n = 11 values is taken by the selection of every fifth value.
The order statistic x;, the upward rank , the downward rank , and the depth H,
of the ith statistic x;, are shown.



_etter values and Bounds
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Dot diagram (x-axis x values, y-axis is a level y = 0) shows:
(a) the dot diagram with median M,
F, (lower) and F, (upper) quartiles,
inner B, (lower) and B, (upper) bounds,
and outer V| (lower) and V|, (upper) bounds,

(b) the area of outliers: A close outliers, B near far outliers, C far outliers.



QUARTILE RANGE: R, =F,-F,

INNER BOUNDS: By =F, + 1.5R.  upper inner bound

B, =F, - 1.5 Ry lower inner bound
OUTER BOUNDS: Vy=Fy; + 3R upper outer bound
V., = F_ -3 Rg lower outer bound

OUTLIERS: points outside interval (V, Vy) ;



Outliers and Extremes in Representative Random Sample
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Figure 2.30 Outliers are points beyond the inner bounds BL and BU.



1. EDA...

Stfedni hodnota i-t¢ poridkoveé statistiky: rovna 100P; %nimu

kvantilu rozdéleni vibéru E(x o = F(®)

F(x) je distribuénf funkce a Q(P;) kvantilova funkce vybéru.

100a %ni kvantil %_: pro o z intervalu <0, 1> se vyCisli dle

L — =

= @)

)y 30

Pro index i musi byt spin€na nerovnost

i

n+1

1+1

<
n+l1

Q(P), kde

Identifikace statistickych

zvlastnosti vybéru dat

(1) Stupeii symetrie rozdéleni vybéru
(2) Stupeii $picatosti rozdéleni vybéru
(3) Lokalni koncentrace dat

(4) Pritomnost vybocujicich hodnot (méeni)

Pomucky identifikace statistickych zvlastnosti dat v EDA

Grafické diagnostiky:
Spojité rozdéleni:
G1 Kvantilovy graf
G2 Diagram rozptyleni
G3 Rezmitnuty diagram rozptyleni
G4 Krabicovy graf
G3 Vrubovy Krabicovy graf
G6 Graf polosum
G7 Graf symetrie
G8 Graf Spicatosti
GY Diferenc¢ni kvantilovy graf
G10 Graf rozptyleni s kvantily
G11 Odhad hustoty pravdépodobn.
G12 Histogram (polygon)
G13 Kvantil-kvantilovy Q-Q araf
G14 Rankitovy graf
G135 Podminény rankitovy graf
G 16 Pravdépodobnostni P-P graf
G17 Kruhovy graf

Diskrétnirozdéleni:

* G18 Graf pomeéri frekvenci

* G19 Poissoniiv graf

* G20 Modifikovany Poissonay graf

Spojité rozdéleni (transformace):
® G21 Hinesové-Hinesuv selekéni graf
® G22 Graf logaritmu vérohodnost. funkce

Testy:
+ Testy normality rozdéleni dat
¢ Testy homogenity dat
+ Test nezavislosti dat
+ V¥pocet minimalni velikosti vibéru dat

Grafické diagnostiky EDA

Kvantilovy graf (G1)
Osa x: poradova pravdépodobnost P,
Osa y: poifadkova statistika X,

e i EN)
. %
W s /
rd
< A
en / “a, 4
D

Kvantilové grafy (robustni --- a klasické ...) pro vybéry z rozdéleni (A)
rovnomérného, (B) normilniho, (C) exponencidlniho a (D) Laplaceova




One-dimensional scatter plot
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Fig. 2.6—Examples of (a) a dot diagram (G2) and (b) a jittered-dot diagram (G3).
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Figure 2.5 Quantile plot G1 (x-axis: the cumulative order probability P; y-axis:
the order statistic xm) for samples with (a) norm, symmetric (Gaussian,
normal), and (b) /og, asymmetric {log.-normal) distributions, (quantile
functions for the normal distribution : classical — solid line, robust dotted
line) QC-EXPERT.
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Figure 2.6 Dot diagram G2 above (x-axis: x values; y-axis: selected level, usually
y = 0) and jittered dot diagram G3 below (x-ax/s: x values; y-axis: a
small interval of random numbers), for samples with (a) norm, symmetric
(Gaussian, normal), and (b) /og, asymmetric (log.-normal) distributions,

QC-EXPERT.
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Figure 2.7 Another form of jittered dot diagram G3 (x-axis: x values; y-axis: a
small interval of random numbers) for samples with (a) norm, symmetric
(Gaussian, normal), and (b) /og, asymmetric (log.-normal) distributions,

NCSS2000.



1. EDA...

Diagram percentilti (0sa x: proménnd, osa y percentily).
Diagram zobrazuje vybrané percentily. Jsou to obvykle intervaly 0-2,2-5,5-10. 10-15. 15-
25,25-35, 35-45. 45-55, 55-65, 65-75. 75-85. 85-90. 90-95, 95-99, 99-100. Z vysledného

R A e

obrazee |ze usoudit na symetrii rozdéleni nebo na jeho tvar,

Diagram percentily. norm
Diagram percentily. log

10.20- —_— a
3 14.00-
10.07-
2 U 933
: £
g
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norm log

Relativni hustota hodnot [%] Relativni hustota hodnot [%]

Obr. 2.4 Diagram nékterveh percentil pro vy¥béry: (o) norm, symetrického (Gaussova. normalniho). a (b fog,
asymetrickeho (legarinmicko-normilniho) rozdéleni, NCS52000.

Houslovy diagram (osa x: nazev vybéru proménné, osa y: percentily, hodnoty proménné).
Median je zobrazen ¢ernym koleckem a zaciatek a konec tsecky zobrazuje dolni a horni
kvantil. Normdlni rozdéleni se projevi v symetrickém tvaru housli, zatimeo logaritmicko-
normalni v silné asymetrickém tvaru.
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Obr. 2.3 Houslovy diagram pro vybéry: (a) norm. symeirického (Gaussova, normilniho), a (b Jog.
asymetrickeha (logaritmicka-normilniho) rozdsleni, NCSS2040.

Krabicovy graf {osa x: imérnd hodnotim x. osa y: interval amérny hodnoté v,/_n ).( G4)
V miste medianu M je vertikalni ¢éra. Od obou protilehlych stran tohoto obdélniku pokracuji
usecky. Ty jsou ukonceny vaitfnimi hradbami By, . B, . pro které plati

B, = F” + LS5R. . B, = F, 13 R, .
Prvky vybéru, lezici mimo interval vnitinich hradeb [B),. B, jsou povazoviny za podezielé.

obvykle vybocujici body: v grafu jsou znizornény krouzky.
Krabicovy graf - . - norm

Krabicovy graf- - log
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Obr. 2.7 Vrubovy krabicovy gral pro vybery: (a) norm, svmetnickeho {Gaussova, pormilnilio), a (b) log.
asymelrickeho (logaritmicke-normalniho) rozdéleni, ADSTAT.

Vrubovy krabicovy grat (G5)

intervalovy odhad medianu
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Figure 2.8 A percentiles diagram for samples with (a) norm, symmetric (Gaussian,
normal), and (b) /og, asymmetric (log.-normal) distributions, NCSS2000.

Box-and-whisker plot
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Figure 2.10 Scheme of the box-and-whisker plot (x-axis: x values; y-axis: any suitable
interval).
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Figure 2.9 A violin diagram for samples with (a) norm, symmetric {(Gaussian, normal),
and (b) log, asymmetric (log.-normal) distributions, NCSS2000.

- Non-outliers range
m m
s x| <2 2> [5 =
1 o Li = = Pl @
83 |5 violal MRRT
% M ; |
%%OOO ..................................... eoro ,%%
—| o [P <4 O [P
| | T

Y
A

BLI*3 - —5BU

Figure 2.30 Outliers are points beyond the inner bounds BL and BU.




(Notched) Box-and-Whisker Plot
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Construction of a notched box-and-whisker plot
(x-axis: x values, y-axis: any interval) for samples with

(a) norm, symmetric (normal), and
(b) log, asymmetric (log.-normal) distributions.

Black dots indicate outliers.



Quantile-box plot
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Construction of the quantile-box plot
(x-axis: the order probability P, y-axis: the order statistic x;).

The dot diagram (left) and the notched box-and-whisker plot (right) are for comparison.
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The quantile-box plot
(x-axis: the order probability P,
y-axis: the order statistic x;) for samples with

(a) norm, symmetric (normal), and
(b) log, asymmetric (log.-normal) distributions



Diagnostics for Examination
of the distribution symmetry

y Symmetric d.

yp )
10,0201 s 107 ASYMMELFIC d.
10.0184 . 6.0+
10.016{ " !
. P 5.0-
10.014- " et !
10.0121 o 5 ..-...-.-:..:'.'......'..-.....'. ......... s -
10.010 ® . : ..o 3.0".
10.008A . ' Tk
15902 : & 1 0...:MCZ::'.:H.'i:ﬂ:.'Z'.’!::'.Z:'.‘IE::::.’:::::.‘:'.’:'.‘IZ.:
10.004- : x B A B ) x
B e T T e X 00 ' X
980 990 1000 1010  10.20 0 2 4 6 8 10 12

Figuer 2.12 The midsum plot G6 (x-axis: the order statistic X i y-axis: the midsum Z =
(X,.1_y T X)/2) for samples with (a) norm, symmetric (Gaussian, normal),
and (b) /og, asymmetric (log.-normal) distributions, QC-EXPERT.
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Figure 2.13 The symmetry plot G7 (x-axis: the quantile Z{; /2 for P.=iltn +1); y-axis:
the midsum Z, = (x, ., , + x,;)/2) for samplés with (a) norm, symmetric
(Gaussian, normal), and (b) /og, asymmetric (log.-normal) distributions,

QC-EXPERT.
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Figure 2.14 The kurtosis plot G8 (x-axis: the quantile u; /2 for P.=iin + 1); y-axis:
the quantity In[(x,, , —x, )/ —2up) for samples with (a) norm,
symmetric (Gaussian, normal), and (b} /og, asymmetric (log.-normal)
distributions, QC-EXPERT.
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Figure 2.15 The differential quantile plot G9 (x-ax/s: the quantile ;; ; y-axis: the deviation
of order statistics d;, = x|, —.?z.tp) for samples with (a) rectangular, (b)
normal, (c) exponential, and {d) Laplace distributions, QC-EXPERT.
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Figure 2.17 The quantile-box plot G10 (x-axis: the order probability P, y-axis: the order
Figure 2.16 Construction of the quantile-box plot G10 (x-ax/s: the order probabil e i ] ;
P, oiiss The nidrSUSMEHE 4,0 The Eat HESEa, (1Y hdl He BoTeh statistic x,,) for samples with (a) norm, symmetric (Gaussian, normal), and
box-and-whisker plot (right) are given for comparison of an act (b) /Og, asymmetric (|Og--n0rma|) distributions, QC-EXPERT.

distribution.
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Figure 2.18 A Kernel estimation of probability
y-axis: the probability density f(x)

density G12 (x-axis: the variable x;
(...) and the Gaussian (---) function)

for samples with (a) norm, symmetric (Gaussian, normal), and (b) /og,
asymmetric (log.-normal) distributions, QC-EXPERT.
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Figure 2.19 Histogram, G13 (x-axis: the variable x; y-axis: the probability density

function f(x)) for samples with (a)

norm, symmetric (Gaussian, normal),

and (b) /og, asymmetric {log.-normal) distributions, QC-EXPERT.



1. EDA...

Kvantil normalniho rozdéleni
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% Rankitove grafy pro vybéry z
rozdélem
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Podminény rankitovy graf (osax: ¢ (0.5 (U, + U,., )], osay:x,,). Piblizna linedrni
zévislost je v podminéném rankitovém grafu dukazem normality testovanéhe rozdéleni
vybéru. Z grafu normalniho rozdélenije patrnd vyrazné mensi lokdlni variabilita ve srovndni
s rankitovymi grafy.
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Obr. 2.16 Podminény rankitovy graf pro vebéry: (a) norm, svmetrického (Gaossova. normilniho). & (b) fog.
asymetrického {logaritmicko-normilniho) rozdéleni, ADSTAT.

Pravdépodobnostni graf (P-P graf), (osa x: P, osa y: FS,). Slouzi k porovnﬁzi
distribuéni funkce vybéru. vyjadiené pres poradovou pravdépodobnost. se standardizovanou
distribucni funkei zvolenéhoteoretického rozdéleni. Standardizovand proménnd je zde

definovina vztahem S(i) = (x(‘.) - Q)R xde Q je parametr polohy a R je parametr

rozpiyient.
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Obr. 2.17 Pravdépodobnostni graf (P-F gral) pro vybéry: (a) norm, symetrickeho (Gaussova, normalnihol, a
{b) fog, asymetrického (logaritmicko-pormalniho) rozdéleni. ADSTAT.




Quantile-quantile plot (Q-Q plot)

(x-axis: the quantile Qg(P)); y-axis: the order statistic x;)

Quantile-Quantile (Q-Q) Plot

2.6 Rectangular distribution 2.6 Normail distribution
>
Y > X
x
<
-9. 3 -0.3
>
>
-3.2 | x> -3.2 L=
= T} X = n = w
S = - c}: S o
1
2.6 Exponential distribution 2.6 Laplace distribution
-
Y =
x
> X
X
-0. 3 fl’
=3
x
x
=3.2 1.Z
o o X © -
cls' ol < <

 yeaxis: the quantle Q(P),

y-axis: the order statistic X,

Xy = 0+ RQS(})Z)

Closeness of the sample to the given theoretical one helps to indicat

Diagnosis:

an aCtual diStl'iblltiOH. Rectangular  §

Exponential 1 — exp (-s)

Normal O(s)

Laplace x<Q 0.5 exp (s)
Laplace x>Q 0.5 [2 —exp (-s)]

Log-normal ~ ®[ln (s)]

1
exp (-s)

(2m)2exp (0.55%)

0.5 exp (5)

0.5 exp (-s)

Xi)
Xi)

Xi)

Xi)

Xi)

(2my"2exp (-0.5Ins%) x;

Pi
-In(1-P)

l(P)

In (2P)) for P, <0.5

-In (2(1 - P)) for P,> 0.5

exp ((P)
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The rankit plot or the normal probability plot,
(x-axis: the standardised normal quantile,
y-axis: the order statistic x;) for samples with

(a) norm, symmetric (normal), and
(b) log, asymmetric (log.-normal) distributions.



Elucidation of Various Modifications
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Figure 2.20 The rankit plot G15 (the normal probability plot, x-axis: the standardised
normal quantile qu’ y-axis: the order statistic x ) for samples with (a)
norm, symmetric (Gaussian, normal), and (b) fog, asymmetric (log.-normal)
distributions, QC-EXPERT.

Figure 2.21 The conditioned rankit plot G16 (x-axis: the function (U, , +U,,1/2;
y-axis: the order statistic x ) for samples with (a) rectangular, (b) normal,
(c) exponential, and (d) Laplace distributions, QC-EXPERT.



Circle plot

(x-axis, y-axis: components of random vectors)
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(a) norm, symmetric (normal), and
(b) og, asymmetric (log.-normal) distributions.



2. Predpokla

Ovéteni nezdvislosti prvka vybéru

dy...

Zavislost méfeni je zpusobena:
a) nestabilitou méfictho zafizeni,
b) nekonstantnosti podminek méfeni,
¢) zanedbanim faktord: objem vzorki, teplota, neCistota, .
d) nespravnym, nendhodnjm vybérem vzorki k méfeni,
e) Casovd zdvislost mezi prvky vjbeéru.

Test vyznamnosti autokorelacniho koeficientu p,:

Hypotéza: nulova Hy: p, = 0, a alternativni H,: p, # 0.

Testacni kritérium:

_ T] \."n + ] . A T
=T ' 2

a T je von Neumanniv pomér

n-1

> (i

T & i=1
3 x - x)

1-1

Testovani: je-li

I Il\' Z tl—u.l(n i l)

je nutno hypotézu o nezavislosti prvkl vybéru na hladiné

vyznamnosti & zamitnoul.

ZAVISLOST A AUTOKORELACE

Obecna definice zavislosti:
X; = KF(xy, Xp, o0y X ) + 8
pokud plati k = 0. jedna se o data nezavisla

Linearni zavislost prvkid jednoho souboru - AUTOKORELACE
Xi= P XNk T € Py autokorelagni Koeficient

k-teho iadu

& PSR 00— 00 autokorelace 1. tadu

sousedni hodnoty

autokorelace I1. iadu

T

4.3—04\#*»—0 -0-0————

PRIKLADY AUTOKORELACE

Pozitivni autokorelace : Graf autokorslace
. 1 ] B
Hodnota i) o/’o
(]
2 2. . .96’ N
0 e 02
0 ®
e ° R ‘
.2_ 2“ * ,// [ ]
L ®
4, *'-r!‘o .
R R I R - T T T 3
Pofadové &isia i X

hodnoty ..pres jednu™




2. Pf‘edpokladﬁg...

Ovéreni normality vyberu

tuji dva zakladni typy testti normality:
1. Je-li typ odchylek od normality pfedem zndm, pouZzivaji se
tzv. smérové testy.
2. Neni-li typ odchylek od normality pfedem zndm, pouZivaji se
tzv. omnibus-testy.

1. pravidlo: Testy jsou obecné vidy méné citlivé na odchylky od
normality neZ diagnostické grafy.
2. pravidlo: KdyZ neni normalita rozdéleni prokdzéina,
je nutné hloubéji analyzovat data.

1. Test kombinace vybérové Sikmosti a Spicatosti.
Hypotéza: nulova H;: normalita rozdéleni vybéru, vs. H,: ...
Testovaci kritérium: je definovino

&[5 - E@Y

= +

C]
D) D(g,)

kde vybérova sikmost a jeji rozptyl §,, D(g,), resp. vybérovd
Spicatost a jeji stfedni hodnota resp. rozptyl g,, E(8,), D(&,)-

Testovani: pii C, > xf_a (2), je nutno hypotézu o normalité
rozdéleni vijbéru zamitnout.

Ovéreni homogenity vybéru

Modifikace vnitfnich hradeb By, a By
Bp = %oz~ K (%zs ~ %oos)

By

Xo7s + K (Zg75 ~ Kgs)

Parametr K: voli se tak, aby pravdépodobnost P(n, K), Ze
z vibéru velikosti n pochdzejiciho z normalniho rozdéleni nebude
7adny prvek mimo vnitini hradby [Bp, By], byla dostatecné

vysoka, napf. 0.95.

Pii volbé P(n, K) = 0.95 lze v rozmezi 8 < n < 100 pouzit

aproximace

725 - 38

n

K =

Pro takto uréeny parametr K se vSechny prvky vibéru lezici

mimo hradby [Bp, By] povazji za vybocujici.




DATA TRANSFORMATION

Scheme of an application of power and Box-Cox data transformations.

Original data x Power or Box-Cox

can not use .
h — »| Transformation

e arithmetic mean lead to data y
for a mean

Y

Re-transformed mean Basic statistics
and variance for the e~ of transformed

original data set x: x, datay




Transformation for symmetry is carried out by a simple power
transformation

X for parameter A > 0
y=9(x)=Inx for parameter A =0
-x for parameter A < 0.

Box-Cox family of transformations defined as

(x*=1)/A forA=0

— X) =< >
y=8() In x for A =0

A,

In many sample distributions can be transformed to approximate normality
by use of Box-Cox family of transformations.



Hines-Hines selection plot and

Plot of the logarithm of the likelihood function
(x-axis: the parameter A; y-axis: the logarithm of the likelihood function In L)

-2.1.
p alfa = 95%
x
3
x)(
x
xx Xx
x
-324.4 | <
xx
x
>
xx
: : x
foF i &
>
0.0 L AN -5 3 T — " o3
0 0.5 ¥ 1.0 @ =
Determination of A from a Hines-Hines Plot of the logarithm of maximum likelihood

selection graph (x-axis: the ratio , y-axis: (x-axis: the parameter A; y-axis: the
the ratio ). logarithm of the likelihood function In L).



Rough re-expressions Rigorous re-expression
of the mean of the mean and the variance

(1) Rough re-expressions represent a single reverse transformation (2) ForA=0and the Box-Cox transformation, Eq. (231) the

v ‘ : : : - re-expressed mean X, will be represented by one of the two roots of
X, =g '(v). This re-expression for a simple power transformation P R P y

the quadratic equation
leads to the general mean =

%o, =050+ ) 05+ 2UF +S OGN+ -25°0)} 7 Q4)
ay

A 2 gy —y
zxj which is close to the median %,. = g~ (¥,.). If X, is known, the corre-
i=1 (2. 36) sponding variance may be calculated from

=<

[
e

[

S)=2"" () (2.43)

where for & = 0, In x 15 used instead of x* and ¢ instead of x'*, The
re-expressed mean X, =x_, stands for the harmonic mean, x, =x,
for the geometric mean, x, = x, for the arithmetic meanand x, =x,
for the quadratic mean.



Zpétna
retransformace

rozptylu a intervalu
spolehlivosti

(a) Pro specialni piipad A = 0, tzn. logaritmickou
transformaci typu g(x) = In x, bude

Xp = exp [y + 0.5 s%y) |

a rozptyl s%(x,) = xz s%(y).

(b) Pro piipad A = 0:

Xpia = [0-5(1 +A) £ 05(1+22 (F+ s(y)) + A2y? - 2 sz(y))]m'

arozptyl s%(x) = xz- "7 s¥(y).

Rozptyl se vyCisli

xg) = (dﬁ—g‘)] )

kde derivace jsou vycisleny v bodé x = xj.

100(1 - a)%ni interval spolehlivosti se vyCisli dle

kde
I = U508 =~ -1 @]
D 8 [Y 1-ap(0-1) i
Iy = g"[? * G rty_p(n-1) L\/;i)]

_ _ns 9%® (dg®))? 2
G = -05 e (dx) s“(y)

kde t,,(n - 1) je 100(1-a/2)%ni kvantil Studentova rozdéleni

$ (n-1) stupni volnosti.




Schema mocninné a Box-Coxovy transformace

X ¥ (mocninng) ¥ (Box-Cox))
U5 00117 0.6621
0.9 0.9861 -1.0462
1.0 | B 0.0000
1.0 ! 1.0000 0.0000
I 10128 0.0959
1.3 1.0356 0.2670
1.5 1.0556 | 0.4166
1.5 1.0556 | 0.4166
1.5 1.0556 | 0.4166
1.8 1.0815 0.6114
1.9 | 1.0893 0.6701
2.0 [ roves | 0.7262
2.0 1.0068 0.7262
2.7 | 10 1.0620
32 [ rrems 1.2582
3.2 1.1678 1.2582
13 l 1.1726 1.2942
3.3 | 11726 | 12042
3.6 | 1862 | 13968 |
5.2 1.2459 1.8439
s.5 1.2552 1.9140
55 1.2552 1.9140
6.0 1.2699 2.0239
6.0 1.2699 2.0239
7.0 1.2962 2.2217
RO 1.3195 2.3963
8.0 1.3195 2.3963
1.5 1.3849 2.8869
1 1 v

Primér

Smérodatnd odehylka

¥ = 1.1455
s = 0.1214

Retransform. primér (mocnina)

s = 2.2147

|Retransform. présnér (Box-Cox) X, = 2.788
5 =2.2147

Re-Transformace...

Zpétna transformace

Y82 0), ¥ E tiap(n - 1). sp)/Yn

1. Nekorektni pristup:

= x, piedstavuje harmonicky priimer,
= X, piedstavuje geometricky priimeér,
Xy = X, ptedstavuje aritmeticky priimér,

Xg = X, ptedstavuje kvadraticky priimér.

;:5
i1

2. Korektni pristup: z Taylorova rozvoje funkee y = g(x)
v okoli y,

1 d’g(x) (dg(x))?
2 de dx

)

3
Pro rozptyl vyjde s*(x,) = _dj(x) s¥(y) .
X




Problem 2.26 EDA in determination of trace copper in kaolin

M

Task: Trace copper was determined in a standard sample of kaolin, and the
values were arranged in increasing order. Examine the type of sample
distribution and decide what type of measures of location and spread should

be used.
Data: copper concentraction [ppm]; n = 17,

4. 5 1,1, 17, 8, 8.3, 8.4, 9.4, 9.5, 10, 10.5, 12, 12.8, 13,
22, 23.

Program: CHEMSTAT: Basic statistics: Exploratory data analysis.



Conclusion:

The best estimate of the mean value

0181 94 9.6 400  40M

) %% X

5% Trimmed Mean

without mean

outlier

Retransformed mean



Horn's procedure for4 < n < 20
Procedure based on order statistics.
1) Write the table of order statistics.

2) The pivot depth is expressed by H, = int[(n + 1)/2])/2 or H, =
int[(n + 1)/2 + 1]/2 according to which of the H, is an integer.

3) The lower pivot is x_ = X, and the upper one is X = X ;1.9

4) The estimate of the parameter of location is then expressed by
the pivot half sum

P, =0.5(x, +x,,)



5) The estimate of the parameter of spread is expressed by the
pivot range

RL = Ay — AL

6) The random variable

TL:P X, +Xx,

RL 2()6 o L)

has approximately a symmetric distribution and its quantiles are
given in Table.

7) The 95% confidence interval of the mean is expressed by
pivot statistics as

B =R 1,55 SU<H+R 1, 55(1)



Table :The quantile 7., .(n) of the Horn-distribution

0.9

0.477
0.869
0.531
0.451
0.393
0.484
0.400
0.363
0.344
0.389
0.348
0.318
0.299

0.331
0 300N

0.95

0.555
1.370
0.759
0.550
0.469
0.688
0.523
0.452
0.423
0.497
0.437
0.399
0.374

0.421
0 38R0

0.975

0.738
2.094
1.035
0.720
0.564
0.915
0.668
0.545
0.483
0.608
0.525
0.466
0.435

0.502
0 451

0.99

1.040
3.715
1.505
0.978
0.741
1.265
0.878
0.714
0.595
0.792
0.661
0.586
0.507

0.637
0 555

0.995

1.351
5.805
1.968
Ll
0.890
575
E0O51
0.859
0.697
0.945
0.776
0.685
0.591

0.774
N ASN



Exercise B3.01 Estimate of median value of haptoglobin in human
blood serum (Horn)

The concentration of haptoglobin in human blood serum was measured
in eight adult individuals. Calculate estimates for median value,
parameter of variance, and 95% interval of reliability of median value.
Examine whether this sample comes from a logarithmic-normal
distribution. Also apply Horn’s procedure (pg. 51 in [14]).
Data: Concentration of haptoglobin [g. 1''] in human blood serum:
1.82,3.32,1.07, 1.27, 0.49, 3.79, 0.15, 1.98.

1. Order statistics:
i 1 2 3 4 5 | 6 7 8

0.15 0.49 1.07 127 1.82 1.98 332 3.79

X(1)

2. Depth of pivot: n = 8,
i . 1
7 .
H = integer——= 5 = int(2.75) = 2
3. Lower and upper pivot:
Xp =Xy = Xy = 0.49
X = Xn+1-H) = X = 3.32



4, P =2 f= = 1.905
' 2

8 R =x;-% = 3.32 - 0.49 = 2.83

6. 95% b = 0,554

LA

P, - R [y, 1—a/2(”) = M P, + Rt 1-af2(n)
1.905-2.83 x 0564 < u < 1.905 + 2.83 x 0.564

031 = u = 3.50



Hornuv
postup u
malych
vybéru

Analyza malych vybéru

- Zavéry jsou vzdy zatizeny zna¢nou mirou nejistoty.
- Malych rozsahi jen tam, kde neni mozné zvysit pocet.

n = 2: 100(1 - ¢)%ni konfiden¢ni interval stfedni hodnoty

X, + I%; = %] X, + X, X, - %,
17X T e L pos L2 .p X
2 2 2 2
- pro normalni rozdéleni T, = cotg(a 1t / 2), Tyos = 12.71,

- pro rovnomérné rozd&leni T, = /e - 1, tj. T 05 = 19.

n=3 : 100(1 - ) Yoni konfidenéni interval stiedni hodnoty

4 <n <20, (Hornuv postup):
je zaloZeny na pofadkovych statistikéach.

Hloubka pivotu je
nebo

H = (int((n + 1)/2)§/2
H = (int((n + 1)/2 + 1)/2,

Dolni pivot je X, = X, a horni pivot x;; = X, .

Odhadem parametru polohy je pivotovi polosuma

= . 8 - '8 P = M
X-T, — < p < X+T, — L
J3 2
- pro normélni rozdéleni je T, = 1//e-3 e/ wrky =430,
- pro rovnomérné rozdéleni je T, s = 5.74,
Y I ot Sty Tabulka 3.11 Kvantily t., , (1) rozd&lenl T,
odhadem parametru rozptyleni pivotové rozpéti AL > — — - —.
R, = x5 - X o
4 0.477 0.555 0.738 1.040 1.331
NéhOdllfl ve]iéina k testovani 5 0.869 1.370 2.094 3.715 5.805
6 0.531 0.759 1.035 1.505 1.968
PL Xp + XH 7 0.451 0.550 0.720 0.978 1.211
TL s = g 8 0.393 0.469 0.564 0.741 0.890
RL 2 (XH i XD) 9 0.484 0.688 0.915 1.265 1.575
— . » L 10 0.400 0.523 0.668 0.878 1.051
ma piiblizn€ symetrické rozd&leni, jehoz vybrané kvantily jsou " 0363 0.452 0.545 0.714 0.859
v tabulce. 12 0.344 0423 0.483 0.593 0.697
13 0.389 0.497 0.608 0.792 0.945
14 0348 0.437 0.525 0.661 0.776
95%ni interval spolehlivosti stfedni hodnoty se vypotte E 0318 0.399 0.466 0.586 0.685
- 16 0.299 0.374 0.435 0,507 0.591
l)L B RL tL,D.975(n) s B o< PL ¥ RL t]_,_0,975(11) 17 0.331 0.421 0.502 0.637 0.774
18 0.300 0.380 0.451 0.555 0.650
19 0.288 0.361 0.423 0.502 0.575
20 0.266 0.337 0.397 0.464 0.519




Vzorova uloha Hornova postupu:

Uloha C3.11 Test spravnosti koncentrace tenzidii (Horn)

Standardni vzorek obsahuje 2.5 mg/l anionaktivnich tenzidii. Aplikujte
i Horniiv postup. Testujte, zda vysledky koncentrace standardu jsou

spravné. Jde o symetrické rozdéleni ?
Data: Koncentrace tenzidii [mg/l]:

[Vysledky: Gauss. rozd., x = 2.52,x, = 251, % =250, 5 = 0.12

2.36 2.40 2.48 2.50 2.57 2.62 2.68

5,=004 g, =178 241 <X <26

Horniiv postup:
1. Poradkové statistiky:
i 1 2 3 ) 5 b 1
g | 236 | 240 | 248 | 250 | 257 | 262 | 268
2. Hloubka pivotu: n =7, liché
n+1
H - integer—2 int(2.0) = 2
3. Pivoty:
Dolni pivot x, = x,, = Xy =240

Horni pivot xy =X, =

Xg = 262

A
4. Pivotovd polosuma P, = . 3 4= =251

5. Pivotové rozpéti R, = x, - X, = 2.62-240 = 0.22

6. 95%ni interval spolehlivosti stfedni hodnoty w: ¢, ,,..(7) = 0.720

B, = Ry tL.I-aQ(n) sk &8 % R ’L.l-axz(")
251-022%x072 s p g 2514+022x%072

235 S u <267




Procedure for univariate data analysis

(A) Exploratory data analysis (EDA):

1)EDA...

Examination of the symmetry and shape of sample distribution;
Indication of local concentrations of the sample elements;
Detection of outliers and suspicious points in the sample;
Estimation of sample distribution; and

Power and Box-Cox transformations of the data.

(B) Confirmatory analysis of assumptions about the data:

2) Assumptions...

Examination for minimum sample size;
Examination for independence of sample elements;
Testing for normality of sample distribution;
Testing for sample homogeneity.

3) Transformation...



UNIVARIATE DATA ANALYSIS

1st stage: EXPLORATORY DATA ANALYSIS (EDA)

EDA is "detective work" which indicates certain statistical features and paterns of
data (symmetry, kurtosis, dispersion, outliers, etc.) by the distribution-free technique.

1. EDA DIAGNOSTIC PLOTS AND DISPLAYS: Quantile plot, Jittered
dot diagram, Box-and-whisker plot, Midsum plot, Symmetry plot, Kurtosis plot,
Differential quantile plot, Quantile-box plot.

2. EXAMINING A SAMPLE DISTRIBUTION: Q-Q plot, Rankit plot,
Conditioned rankit plot.

3. DATA TRANSFORMATION: Power and Box-Cox transformations.



2nd stage: CONFIRMATORY DATA _ANALYSIQ (CDA)

CDA is judical in nature and tests four basic assumptions about data. CDA
determines parameters of location, spread and distribution shape.

1. TEST OF BASIC ASSUMPTIONS ABOUT DATA

(a) A test for minimal sample size

(b) A test for independence of sample elements
(c) A test for homogeneity of sample

(d) A test for normality

2. CONSTRUCTION OF PROBABILITY DENSITY FUNCTION:

Stem-and-leaf display, Kernel estimation of probability density, Histogram,
Frequency polygon, Bar chart, Rootogram.

3. POINT ESTIMATES FOR PARAMETERS OF LOCATION,
SPREAD AND SHAPE

4. INTERVAL ESTIMATES FOR PARAMETERS OF
LOCATION AND SPREAD



Jan Amos Komensky: Velka didaktika (1592 — 1670)

“Knihy, jako nejvétsi pratelé, rady s nami uprimné, jasné a
bez pretvarky hovori, poucuji nas, davaji nam navody,
povzbuzuji nas a predvadéji 1 veci nasemu zraku velmi
vzdalené.”
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